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Abstract 

In this paper, we present an iteration method to compute the least squares 
stochastic solutions of the matrix equation .BAX =  Numerical experiments 
are given to illustrate the usefulness of the proposed approach. 

1. Introduction 

Markov chains theory are widely used in the economic activities 
forecasting, queuing theory, and particle technology [2, 4, 6, 7]. The key 
problem of using Markov chains to predict the future state of a system is 
to compute the transition probability matrix. The transition probability 
matrix X may be obtained by solving the state matrix equations BAX =  
with unknown matrix X satisfies eXe =  and ,0≥X  where e is a vector 
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of all ones. However, the state matrices A and B, in general, are obtained 
from market statistics or experimental analysis, and it may be not 
satisfies the above matrix equation. In this case, one hopes to find the 
smallest correction stochastic solution X of the inconsistent matrix 
equation .BAX =  This leads to consider the following constrained least 
squares problem: 

( ) ,2
1minimize 2BAXXf −=  

,0,tosubject ≥= XeXe  (1.1) 

where ( ) .1,,1,1,, nnTnm ReRBA ×× ∈=∈ …  The problem (1.1) is 

always solvable, and when the matrix A has full column rank, then the 
problem (1.1) has an unique solution for any matrix B. In this paper, we 
present an iteration method to compute the solutions of the problem (1.1). 
Numerical experiments are given to illustrate the usefulness of the 
proposed approach. 

Throughout this paper, nmR ×  denotes the set of nm ×  real matrices. 

,, AAT  and ( )Atr  denote the transpose, the trace, and the Frobenius 

norm of the matrix A, respectively. For the matrices ( ) ( ),, ijij bBaA ==  

BA ⊗  denotes the Kronecker product defined as ( ),BaBA ij=⊗  

BA •  denotes the Hadamard product defined as ( ),ijijbaBA =•  and 

the inequality ( )BABA >≥  means that ( )ijijijij baba >≥  for all i 

and j. Defining the inner product in space nmR ×  by 

( ) .,,, nmT RBAABtrBA ×∈∀=  

Obviously, nmR ×  is a Hilbert inner product space and the norm of a 
matrix generated by this inner product space is the Frobenius norm. 
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2. Iterative Method to Solve Problem (1.1) 

Note that the solution ∗X  of the problem (1.1) must satisfy the 
optimality Karush-Kuhn-Tucker (KKT) conditions 
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Hence, solving the problem (1.1) is equivalent to solve the optimality KKT 
conditions matrix equations (2.1) for ,, YX  and Z. We use the predictor-

corrector interior-point method (research results for this method, see 
references [1, 3, 5, 8-18]) to solve (2.1). The predictor step, we first solve 
the following matrix equations to obtain the affine scaling search 

direction ( )aaa ZYX ∆∆∆ ,,  for the current iterate ( ):,, kkk ZYX  
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and then we compute the maximum possible step length aα  by satisfying 

the following matrix equations: 

.0,0 ≥∆α+≥∆α+ a
ak

a
ak ZZXX   (2.3) 

The corrector step, we first compute the corrector search direction 
( )ZYX ∆∆∆ ,,  by solving the following matrix equations: 
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with 

( ) ,2
2

n
aa η

η
η

=µ  

where (( ) ( ))a
ak

Ta
aka ZZXXtr ∆α+∆α+=η  and ( ),k

T
k ZXtr=η  then 

we choose the maximum possible step length α  by satisfying the 
following matrix equations: 

.0,0 ≥∆α+≥∆α+ ZZXX kk   (2.5) 

According to above discussions, the predictor-corrector interior-point 
method to solve constrained least squares problem (1.1) can be described 
as follows. 

Algorithm 2.1. (Computing the solution of constrained least squares 
problem (1.1)): 

(1) Input matrices .,, eBA  Given initial matrices ,0,0 00 >> ZX  

,0Y  and tolerances .0,, 321 ≥εεε  

(2) For ,,2,1 …=k  until ,1ε≤++− k
T

kk
TT ZeYAXABA  

,2ε≤− eXe k  and .3ε≤• kk ZX  

(i) Predictor step: 

● Computing the predictor direction ( )aaa ZYX ∆∆∆ ,,  by solving the 

matrix equations (2.2). 

● Computing the maximum possible step length aα  by solving the 

matrix inequalities (2.3). 

(ii) Corrector step: 

● Computing (( ) ( )) ( ),, k
T
k

a
ak

Ta
aka ZXtrZZXXtr =η∆α+∆α+=η  

and ( ) .2
2

n
aa η

η
η

=µ  
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● Computing the predictor-corrector direction ( )ZYX ∆∆∆ ,,  by 

solving the matrix equations (2.4). 

● Computing the maximum possible step length α  by solving the 
matrix inequalities (2.5). 

(iii) Update: 

.,, 111 ZZZYYYXXX kkkkkk ∆α+=∆α+=∆α+= +++  

In the implement of the Algorithm 2.1, the maximum possible step length 

aα  in (2.3) and α  in (2.5) are usually chosen as 
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for some ( ),1,0∈c  which is called as the step length parameter and, in 

practice, it is usually chosen as a fixed number from the interval 
(0.9, 1.0). To do this way is to avoid take a step all the way to the 
boundary. 

The calculation of the search directions, that is solving linear matrix 
equations (2.2) and (2.4), are the most time-consuming and space-
occupying steps in the implement of the Algorithm 2.1. In this paper, we 
propose the following iteration method to compute the search directions. 

Algorithm 2.2. (Computing the solution of the matrix equations (2.2) 
and (2.4)): 

(1) Input ,,, eBA  the k-th approximate kkk YZX ,,  of Algorithm 2.1. 

Given initial matrices ,,, 000 ZYX ∆∆∆  and a tolerance .0>ε  

Computing kk ZXF •−=  when solving the matrix equations (2.2) and 
aa

kk
T ZXZXeeF ∆•∆−•−µ=  when solving the matrix equations (2.4). 

Computing 
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(2) For ,,2,1,0 …=i  until ≤βi  
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For the Algorithm 2.2, we have the following propositions: 

Proposition 2.1. For the sequences { } { } { } { },,,, ,1,3,2,1 iiii PRRR  

{ },,2 iP  and { }iP ,3  generated by Algorithm 2.2, if there exists a positive 

number k such that 0≠βi  for all ,,,2,1,0 ki …=  then we have 

02
,3

2
,2

2
,1 ≠++=α iiii RRR  for all ,,,2,1,0 ki …=  and the 

following two equalities hold: 

( ) ( ) ( ) ( ),,,,2,1,0,,0,3,3,2,2,1,1 jikjiPPtrPPtrPPtr j
T

ij
T

ij
T

i ≠==++ "  

(2.6) 

( ) ( ) ( ) ( ).,,,2,1,0,,0,3,3,2,2,1,1 jikjiRRtrRRtrRRtr j
T

ij
T

ij
T

i ≠==++ "  

(2.7) 

Proposition 2.2. Suppose ( )ZYX ∆∆∆ ,,  be arbitrary solution of the 

matrix equations (2.2) or (2.4), then we have 

[( ) ] [( ) ] [( ) ]i
T

ii
T

ii
T

i PZZtrPYYtrPXXtr ,3,2,1 ∆−∆+∆−∆+∆−∆  

.,2,1,0,2
,3

2
,2

2
,1 …=++= iRRR iii   (2.8) 

Proposition 2.3. Algorithm 2.2 breaks down within finite iteration 
steps in the absence of roundoff errors. Furthermore, if Algorithm 2.2 
breaks down at i-th iteration step, then, when 0=βi  and ,0=αi  the 
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matrix equations (2.2) (or (2.4)) is solvable and ( )iii ZYX ∆∆∆ ,,  is its a 

solution. When 0=βi  and ,0≠αi  the matrix equations (2.2) (or (2.4)) 

has no solution. 

The proof of Propositions 2.1, 2.2, and 2.3 is given in the Appendix. 

3. Numerical Examples 

In this section, we give a numerical example to illustrate the 
application of the problem (1.1) and the efficiency of the methods 
proposed in this paper. Our computational experiments are done on a HP 
Compaq Presario CQ45-203TX with 2.0GHz and 2.0 ram. All the tests 
were performed by MATLAB 7.0, which runs on the operating system 
windows XP professional. In Algorithm 2.2, the initial iterative matrices 

000 and,, ZYX ∆∆∆  are chosen as zero matrices in suitable size, and the 

tolerance .10 10−=ε  In Algorithm 2.1, the initial iterative matrices 0X  

and 0Z  are chosen as the matrices with all elements equal to one, 0Y  is 

chosen as zero matrix, and the tolerances .10 10
321

−=ε=ε=ε  

Example 3.1. Assume that a goods is only made by three 
manufacturers. The market occupancy distribution of these three 
manufacturers in the past six months is given as follows Table 1. If, in 
nearly future time, people’s consumption pattern and enterprise 
technology have not changed. There is also no other enterprise make this 
kind of goods. We are required giving the market occupancy distribution 
of these three manufacturers in the next six months. 

Table 1. The market occupancy distribution in the past six months 

 1 2 3 4 5 6  

Manufacturer 1 0.4666 0.4533 0.4551 0.4423 0.4113 0.4207 0.4087 

Manufacturer 2 0.3633 0.3432 0.3312 0.3308 0.3211 0.3107 0.3074 

Manufacturer 3 0.1701 0.2035 0.2137 0.2269 0.2676 0.2686 0.2839 
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Applying Markov chains theory to forecast this economic activities, 
we need first to find the transition probability matrix X by solving state 
matrix equation .BAX =  From Table 1, the state matrices A and B are 
as follows: 

,

2839.03074.04087.0

2686.03107.04207.0

2676.03211.04113.0

2269.03308.04423.0

2137.03312.04551.0

2035.03432.04533.0

,

2686.03107.04207.0

2676.03211.04113.0

2269.03308.04423.0

2137.03312.04551.0

2035.03432.04533.0

1701.03633.04666.0
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= BA  

which do not satisfy ,, eXeBAX ==  and .0≥X  In other words, there 

is no stochastic matrix X such that .BAX =  In this case, we hope to find 
the smallest correction stochastic solution X of the inconsistent matrix 
equation ,BAX =  that is, find the solution of the problem (1.1). Using 

Algorithms 2.1 and 2.2, we obtain the transition probability matrix X as 
follows: 

.

8649.00491.00860.0

0000.03382.06618.0

1118.04535.04346.0





















=X  

Using state distribution formula ( ) ( ) ,,2,1,1 …==+ tXtwtw  where 

( ) 3Rtw T ∈  is the probability distribution vector in state t, we get the 

market occupancy distribution of these three manufacturers in the next 
six months as follows: 

 

 



FANGYING LI et al. 28

Table 2. The market occupancy distribution in the next six months 

 7 8 9 10 11 12 

Manufacturer 1 0.4055 0.4020 0.3993 0.3972 0.3954 0.3940 

Manufacturer 2 0.3033 0.3008 0.2986 0.2969 0.2956 0.2945 

Manufacturer 3 0.2913 0.2973 0.3021 0.3059 0.3090 0.3115 

Note that the transition probability matrix X satisfies 

,

3216.02900.03884.0

3216.02900.03884.0

3216.02900.03884.0

lim





















=
∞→

n
n

X  

we know that the fixed market occupancy distribution of these three 
manufacturers is (0.3884, 0.2900, 0.3216). 
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Appendix 

Proof of Proposition 2.1. If there exists a positive number k such 
that 0≠βi  for all ,,,2,1,0 ki "=  the conclusion 0≠αi  obviously 

holds. Since ABBA ,, =  holds for all matrices A and B in ,nmR ×  we 

only need to prove the conclusions (2.6) and (2.7) hold for all 
.0 kij ≤<≤  Using induction and the following two steps are required: 
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Step 1. Show that 

( ) ( ) ( ) ( ),,,2,1,0,0,3,3,2,2,1,1 kijPPtrPPtrPPtr j
T

ij
T

ij
T

i "===++  (3.1) 

and 

( ) ( ) ( ) ( ).,,2,1,0,0,3,3,2,2,1,1 kijRRtrRRtrRRtr j
T

ij
T

ij
T

i "===++ (3.2) 

To prove these conclusions, we also using induction. 

For ,1,0 == ij  we have 

( ) ( )0,30,20,1
0
0

0,10,10,11,1 , PePAPARRRRtr TTT −−
β
α

−=  

0,30,20,10,1
0
02

0,1 , PePAPARR TT −−
β
α

−=  

[ 0,20,10,10,1
0
02

0,1 ,, PeRPARAR T −
β
α

−=  

],, 0,30,1 PR−  

( ) ePRRRRtr T
0,1

0
0

0,20,20,21,2 ,
β
α

−=  

,, 0,10,2
0
02

0,2 PeRR T
β
α

−=  

( ) ( ( )0,30,1
0
0

0,30,30,31,3 , PXPZRRRRtr kk
T •+•

β
α

−=  

0,30,10,3
0
02

0,3 , PXPZRR kk •+•
β
α

−=  

[ ].,, 0,30,30,10,3
0
02

0,3 PRXPRZR kk •+•
β
α

−=  

Sum up above three equalities, we have 

( ) ( ) ( )0,31,30,21,20,11,1 RRtrRRtrRRtr TTT ++  
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 ( 0,10,30,20,1
0
0

0 , PRZeRARA k
TT •++

β
α

−α=  

)0,30,30,10,20,1 ,, PRXRPeR k •+−+−  

[ ]2
0,3

2
0,2

2
0,1

0
0

0 PPP ++
β
α

−α= .0=  

Analogously, we have 

( ) 0,1
0
1

1,31,21,10,10,11,1 , PRZeRARAPPPtr k
TTT

α
α

+•++=  

1,31,21,10,1
2

0,1
0
1 , RZeRARAPP k

TT •+++
α
α

=  

1,20,11,10,1
2

0,1
0
1 ,, RePRAPAP T ++

α
α

=  

,, 1,30,1 RPZk •+  

( ) 0,2
0
1

1,10,20,21,2 , PeRPPPtr T
α
α

+−=  

,, 1,10,2
2

0,2
0
1 RePP T−

α
α

=  

( ) 0,3
0
1

1,31,10,30,31,3 , PRXRPPPtr k
T

α
α

+•+−=  

 1,31,10,3
2

0,3
0
1 , RXRPP k •+−+

α
α

=  

 .,, 1,30,31,10,3
2

0,3
0
1 RPXRPP k •+−

α
α

=  

And sum up above three equalities, we have 

( ) ( ) ( )0,31,30,21,20,11,1 PPtrPPtrPPtr TTT ++  
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1,20,11,10,30,20,10
0
1 ,, RePRPePAPA TT +−−+β

α
α

=  

1,30,30,1 , RPXPZ kk •+•+  

1,21,20,2
0
0

1,11,10,1
0
0

0
0
1 ,, RRRRRR −

α
β

+−
α
β

+β
α
α

=  

1,31,30,3
0
0 , RRR −

α
β

+  

( ( ) ( ) ( ))0,31,30,21,20,11,1
0
0 RRtrRRtrRRtr TTT ++

α
β

=  

.0=  

Assume that the conclusions (3.1) and (3.2) hold for all ,2,1,0 == ij  

,, s"  then for ,1,0 +== sij  we have 

( ) ( )s
T

ss
T

s
s

s
T

s PePAPARRRRtr ,3,2,1,10,10,11,1 , −−
β
α

−=+  

s
T

ss
T

s
s

s PePAPARRR ,3,2,10,1,10,1 ,, −−
β
α

−=  

[ ss
T

s
s

s PeRPARARR ,20,1,10,1,10,1 ,,, −
β
α

−=  

 ],, ,30,1 sPR−  

( ) ePRRRRtr s
s
s

s
T

s ,1,20,20,21,2 ,
β
α

−=+  

 ,,, ,10,2,20,2 s
s
s

s PeRRR
β
α

−=  

( ) ( )sksk
s
s

s
T

s PXPZRRRRtr ,3,1,30,30,31,3 , •+•
β
α

−=+  
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sksk
s
s

s PXPZRRR ,3,10,3,30,3 ,, •+•
β
α

−=  

[ ];,,, ,30,3,10,3,30,3 sksk
s
s

s PRXPRZRR •+•
β
α

−=  

( ) ( ) ( )0,31,30,21,20,11,1 RRtrRRtrRRtr T
s

T
s

T
s +++ ++  

( sk
TT

s
s PRZeRARA ,10,30,20,1 ,•++

β
α

−=  

)sks PRXRPeR ,30,30,1,20,1 ,, •+−+−  

( )sss
s
s PPPPPP ,30,3,20,2,10,1 ,,, ++

β
α

−=  

.0=  

( ) s
s

s
sk

T
ss

TT
s PRZeRARAPPPtr ,1

1
,3,2,10,10,11,1 ,

α
α

+•++= +
+  

 sk
T

ss
T

s
s

s RZeRARAPPP ,3,2,10,1,10,1
1 ,, •+++

α
α

= +  

 ss
T

s
s

s RePRAPAPP ,20,1,10,1,10,1
1 ,,, ++

α
α

= +  

,, ,30,1 sk RPZ •+  

( ) 0,2
1

,10,20,21,2 , PeRPPPtr
s

s
s

T
s α

α
+−= +

+  

,,, ,10,2,20,2
1

s
T

s
s

s RePPP −
α
α

= +  

( ) 0,3
1

,3,10,30,31,3 , PRXRZPPPtr
s

s
sksk

T
s α

α
+•+•= +

+  

skss
s

s RXRPPP ,3,10,3,30,3
1 ,, •+−+

α
α

= +  
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;,,, ,30,3,10,3,30,3
1

skss
s

s RPXRPPP •+−
α
α

= +  

( ) ( ) ( )0,31,30,21,20,11,1 PPtrPPtrPPtr T
s

T
s

T
s +++ ++  

ss
TT RePRPePAPA ,20,1,10,30,20,1 ,, +−−=  

skk RPXPZ ,30,30,1 ,•+•+  

ss RRRRRR ,21,20,2
0
0

,11,10,1
0
0 ,, −

α
β

+−
α
β

=  

sRRR ,31,30,3
0
0 ,−

α
β

+  

.0=  

By the principle of induction, the conclusions (3.1) and (3.2) hold for all 
.,,2,1,0 ki "=  

Step 2. Assume that 

( ) ( ) ( ) ,0,3,3,2,2,1,1 =++ s
T

is
T

is
T

i PPtrPPtrPPtr  

( ) ( ) ( ) ,0,3,3,2,2,1,1 =++ s
T

is
T

is
T

i RRtrRRtrRRtr  

hold for all ki ≤≤0  and ,11 is <+<  show that 

( ) ( ) ( ) ,01,3,31,2,21,1,1 =++ +++ s
T

is
T

is
T

i PPtrPPtrPPtr  

( ) ( ) ( ) .01,3,31,2,21,1,1 =++ +++ s
T

is
T

is
T

i RRtrRRtrRRtr  

The proof are following: 

( ) ( )s
T

ss
T

s
s

sis
T

i PePAPARRRRtr ,3,2,1,1,11,1,1 , −−
β
α

−=+  

 s
T

ss
T

i
s
s

si PePAPARRR ,3,2,1,1,1,1 ,, −−
β
α

−=  
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 [ sisi
T

s
s

si PeRPARARR ,2,1,1,1,1,1 ,,, −
β
α

−=  

],, ,3,1 si PR−  

( ) ePRRRRtr s
s
s

sis
T

i ,1,2,21,2,2 ,
β
α

−=+  

,,, ,1,2,2,2 si
s
s

si PeRRR
β
α

−=  

( ) ( )sksk
s
s

sis
T

i PXPZRRRRtr ,3,1,3,31,3,3 , •+•
β
α

−=+  

skski
s
s

si PXPZRRR ,3,1,3,3,3 ,, •+•
β
α

−=  

[ ];,,, ,3,3,1,3,3,3 siksik
s
s

si PRXPRZRR •+•
β
α

−=  

( ) ( ) ( )1,3,31,2,21,1,1 +++ ++ s
T

is
T

is
T

i RRtrRRtrRRtr  

( sik
T

ii
T

s
s PRZeRARA ,1,3,2,1 ,•++

β
α

−=  

)sikisi PRXRPeR ,3,3,1,2,1 ,, •+−+−  

( si
i

i
i

s
s PPP ,1,1

1
1,1 ,

α
α

−
β
α

−= +
+  

)si
i

i
isi

i
i

i PPPPPP ,3,3
1

1,3,2,2
1

1,2 ,,
α
α

−+
α
α

−+ +
+

+
+  

[ ( ) ( ) ( )]s
T

is
T

is
T

i
s
s PPtrPPtrPPtr ,31,3,21,2,11,1 +++ ++

β
α

−=  

[ ( ) ( ) ( )] .0,3,3,2,2,1,1
1 =++

αβ
αα

+ +
s

T
is

T
is

T
i

is
is PPtrPPtrPPtr  
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( ) s
s

s
sk

T
ss

T
is

T
i PRZeRARAPPPtr ,1

1
,3,2,1,11,1,1 ,

α
α

+•++= +
+  

sk
T

ss
T

isi
s

s RZeRARAPPP ,3,2,1,1,1,1
1 ,, •+++

α
α

= +  

sisi
T

si
s

s RePRAPAPP ,2,1,1,1,1,1
1 ,,, ++

α
α

= +  

 ,, ,3,1 sik RPZ •+  

( ) s
s

s
sis

T
i PeRPPPtr ,2

1
,1,21,2,2 ,

α
α

+−= +
+  

,,, ,1,2,2,2
1

s
T

isi
s

s RePPP −
α
α

= +  

 ( ) s
s

s
skskis

T
i PRXRZPPPtr ,3

1
,3,1,31,3,3 ,

α
α

+•+•= +
+  

 sksisi
s

s RXRPPP ,3,1,3,3,3
1 ,, •+−+

α
α

= +  

 ;,,, ,3,3,1,3,3,3
1

siksisi
s

s RPXRPPP •+−
α
α

= +  

 ( ) ( ) ( )1,3,31,2,21,1,1 +++ ++ s
T

is
T

is
T

i PPtrPPtrPPtr  

sisi
T

ii
T RePRPePAPA ,2,1,1,3,2,1 ,, +−−=  

sikik RPXPZ ,3,30,1 ,•+•+  

sii
i
i

sii
i
i RRRRRR ,21,2,2,11,1,1 ,, ++ −

α
β

+−
α
β

=  

sii
i
i RRR ,31,3,3 ,+−

α
β

+  
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[ ( ) ( ) ( )]s
T

is
T

is
T

ii
i RRtrRRtrRRtr ,31,3,2,2,1,1 +++

α
β

=  

[ ( ) ( ) ( ) .0,31,3,21,2,11,1 =++
α
β

− +++ s
T

is
T

is
T

i
i
i RRtrRRtrRRtr  

From Steps 1 and 2, we have by principle induction that the conclusions 
(2.6) and (2.7) hold for all .,,,2,1,0, jikji ≠= "   

Proof of Proposition 2.2. We use induction to prove this conclusion. 
For ,0=i  we have 

[( ) ] [( ) ] [( ) ]0,300,200,10 PZZtrPYYtrPXXtr TTT ∆−∆+∆−∆+∆−∆  

0,30,20,10 , RZeRARAXX k
TT •++∆−∆=  

0,30,100,10 ,, RXRZZeRYY k •+−∆−∆+−∆−∆+  

( ) ( ) 0,200,10 ,, ReXXRXXAAT ∆−∆+∆−∆=  

( ) ( ) 0,100,30 ,, ReYYRXXZ T
k −∆−∆+∆−∆•+  

( ) ( ) 0,300,10 ,, RZZXRZZ k ∆−∆•+−∆−∆+  

( ) ( ) ( ) 0,1000 , RZZeYYXXAA TT ∆−∆−∆−∆−∆−∆=  

( ) ( )00,20 , XXZReXX k ∆−∆•+∆−∆+  

( ) 0,30 , RZZXk ∆−∆•+  

.2
0,3

2
0,2

2
0,1 RRR ++=  

Assume (2.8) holds for .si =  Since 

[( ) ] [( ) ]1,211,11 ++++ ∆−∆+∆−∆ s
T

ss
T

s PYYtrPXXtr  
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[( ) ]1,31 ++∆−∆+ s
T

s PZZtr  

1,31,21,11, ++++ •++∆−∆= sk
T

ss
T

s RZeRARAXX  

ss
s

s PXX ,11
1 ,+
+ ∆−∆

α
α

+  

ss
s

s
ss PYYeRYY ,21

1
1,11 ,, +

+
++ ∆−∆

α
α

+−∆−∆+  

1,31,11, +++ •+−∆−∆+ skss RXRZZ  

ss
s

s PZZ ,31
1 ,+
+ ∆−∆

α
α

+  

( ) ( ) 1,211,11 ,, ++++ ∆−∆+∆−∆= ssss
T ReXXRXXAA  

( ) ( ) 1,111,31 ,, ++++ −∆−∆+∆−∆•+ s
T

sssk ReYYRXXZ  

( ) ( ) 1,311,11 ,, ++++ ∆−∆•+−∆−∆+ sskss RZZXRZZ  

[ ss
s
s

s
s

s PPXX ,1,1
1 ,

β
α

−∆−∆
α
α

+ +  

]ss
s
s

sss
s
s

s PPZZPPYY ,3,3,2,2 ,,
β
α

−∆−∆+
β
α

−∆−∆+  

( ) ( ) ( ) 1,1111 , ++++ ∆−∆−∆−∆−∆−∆= ss
T

ss
T RZZeYYXXAA  

( ) ( )11,21 , +++ ∆−∆•+∆−∆+ skss XXZReXX  

( ) [ ss
s

s
ssk PXXRZZX ,1

1
1,31 ,, ∆−∆

α
α

+∆−∆•+ +
++  

]ssss PZZPYY ,3,2 ,, ∆−∆+∆−∆+  
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[ ]ssssss
s
s

s
s PPPPPP ,3,3,2,2,1,1

1 ,,, ++
β
α

α
α

− +  

 .2
1,3

2
1,2

2
1,1 +++ ++= sss RRR  

Hence the conclusion (2.8) holds by the principle of induction.  

Proof of Proposition 2.3. Let ( ),,,diag ,3,2,1 iiii RRRR =  

( ),,,diag ,3,2,1 iiii PPPP =  then the conclusions (2.6) and (2.7) in 

Proposition 2.1 can be rewritten as ( ) ( ) 0,0 == j
T
ij

T
i PPtrRRtr  hold for 

all ,0, =ji  ,,,,2,1 jik ≠"  which imply that the matrix sequences 

{ }iR  and { }iP  are F-orthogonal sequences in the finite dimension matrix 

space ( ).123 +× nnR  Hence, it is certainly there exists a positive number 
ni 3≤  ( )12 +n  such that 0=iP  and ,0=iR  (or 0=iP  and 0≠iR ). 

These conclusions imply that Algorithm 2.1 will break down within finite 
iteration steps in the absence of roundoff errors. Noting that ,, ,2,1 ii RR  

and iR ,3  are, respectively, the residual of the first equation, the second 

equation, and the third equation of the matrix equations (2.2) (or (2.4)) at 
step i, then, if 0=βi  and ,0=αi  the matrix equations (2.2) (or (2.4)) is 

certainly solvable and ( )iii ZYX ∆∆∆ ,,  is its a solution. If 0=βi  and 

,0≠αi  then the matrix equations (2.2) (or (2.4)) has no solution. 

Otherwise, if the matrix equations (2.2) (or (2.4)) is solvable and ,0≠αi  

then we know from Proposition 2.2 that .0≠βi   

g 


